Abstract -We study the scattering modes of light in a three-dimensional disordered medium, in the scalar approximation and above the critical density for Anderson localization. Localized modes represent a minority of the total number of modes, even well above the threshold density, whereas spatially extended subradiant modes predominate. For specific energy ranges however, almost all modes are localized, yet adjusting accordingly the probe frequency does not allow to address these only in the regime accessible numerically. Finally, their lifetime is observed to be dominated by finite-size effects, and more specifically by the ratio of the localization length to their distance to the system boundaries.
Introduction. -Since the pioneering work by Philip W. Anderson to explain the transition from metal to insulator for electronic transport [1] , trapping of waves in a disordered potential has been reported in a variety of systems, ranging from acoustics to matter waves [2] [3] [4] [5] [6] . However, for electromagnetic waves, even though their localization has been reported in 1D [7] and 2D [8] , the observation of Anderson localization in 3D has been the subject of an ongoing controversy [9] . Indeed, the initial signatures used in the diffuse transmission or in the late time dynamics were later questioned [10] [11] [12] [13] [14] [15] [16] , and at the moment, an unambiguous experimental signature is lacking.
From a fundamental point of view, the vectorial nature of electromagnetic waves has been shown to prevent localization [17] [18] [19] . This theoretical analysis was based on the scaling analysis [20] , where the linewidth of the modes (i.e., their inverse lifetime) is compared to the typical difference of frequency between them. The transition to localization is thus marked by the emergence of modes with long lifetimes.
On the other side, collective scattering modes can have diverse origins. A paradigmatic example was introduced with superradiance from a fully inverted system of many two-level systems. R. Dicke showed that this can lead to an accelerated emission by cascading between symmetric collective atomic states [21] , a prediction that was later confirmed experimentally [22] . Another intriguing collective scattering effect from a single excitation among many two-level scatterers has been reported in Ref. [23] , where subradiance with radiation rates below the single scatterer rate has been observed.However, because they can be observed in dilute regime, i.e., well below the critical density for localization, these long lifetimes are unrelated to localization.
The presence of subradiance in the dilute limit clearly questions the ability of late-time dynamics to capture the localization transition [14] . But more generally, it highlights the necessity to distinguish carefully different kinds of modes, in order to be able to address specifically the localized ones. In particular, superradiance and subradiance may provide competing dynamical signatures to localization, and they exist even in absence of disorder [24] . It is thus necessary to understand the interplay between these phenomena, in order to be able to determine an unambiguous temporal signature of the localization transition.
In this paper, we focus on a scalar model of light scattering in 3D. Even though it is known that the full vectorial model does not present a localization transition [17] , the addition of a strong magnetic field was shown to split the scattering channels and reproduce the localization transition of the scalar model [25, 26] . In this scalar model, the transition to localization has been characterized using the eigenvalues and eigenvectors of the interaction matrix [17, 19, 27, 28] .
In this work, we study the competition between localized, subradiant and superradiant modes, showing that a transition to the localization regime is not achieved for the system sizes accessible numerically. Indeed, localized modes represent only a minority of modes, and despite their high densities in a specific range of energies, even an appropriate choice of pump frequency does not prevent from strongly coupling to the other modes. Finally, the lifetime of these modes appear to be driven by a leakage due to the finite distance to the boundaries of the system. This allows us to evaluate the ratio of the localization length to their distance to the system's boundaries from the lifetime of the localized modes. These results contribute to the difficult task of finding unambiguous signatures of Anderson localization of light in 3D.
Coupled Dipole Model and Scattering Modes.
-We consider a model of N point-like scatterers with positions r j distributed randomly and homogeneously inside a spherical cloud of radius R. The scatterers can be thought as two-level atoms with linewidth Γ and transition frequency ω a . The system is illuminated by a monochromatic wave characterized by the Rabi frequency Ω(r) of atom-light interaction and frequency ω = kc, detuned by ∆ = ω − ω a from the atomic transition. The exchange of virtual and real photons between the particles result in an effective interaction between the atomic dipoles β j . In the linear optics regime, the dipole dynamics is governed by a set of coupled differential equations [29] :
We note that the model can be derived from fully classical principles [24, 30] . The first right-hand term describes the single-dipole dynamics, the second one corresponds to the dipole-dipole coupling, and the last one to the driving of the incident pump field. In order to avoid contributions from pair physics (2 closeby atoms), we set an exclusion volume in the particle distribution, based upon the density: r min = ρ −1/3 /π [31] . Throughout this work, the pump considered is a plane-wave travelling in theẑ direction: Ω(r j ) = Ωe ik0.rj , with k 0 = kẑ; we have checked that using a Gaussian beam with a waist comparable to the system size does not alter our conclusions.
The dipole-dipole coupling results in collective scattering modes, with an associated decay rate and frequency. These correspond to the eigenvectors Ψ n of Eq.(1), which conveniently written in matrix form:
where
, with δ jm the Kronecker symbol. The eigenvalues of M , λ n decompose as the decay rates Γ n = − (λ n ) and frequency shifts ω n = (λ n ) from the atomic transition. The components |Ψ n j | 2 represents the excitation contribution of atom j to mode n.
Superradiant and subradiant modes emerge from the dipole-dipole coupling, as well as exponentially localized modes above the transition threshold ρ c ≈ 0.1k 3 [17, 19] . We decompose modes into three categories, which are illustrated in Fig The spatial profiles presented in the insets of Fig.1 describe the particles contribution, ordered from their distance to the mode center-of-mass r n CM = m |Ψ n m | 2 r m . They are typical profiles of the three kinds of modes encountered in the system. Superradiant and subradiant are rather extended, whereas localized modes present, for short distances, an exponential decay. Indeed, in the open system (1), localized modes present a spatial profile which decays exponentially at first, before presenting a much slower decay [32, 33] . The determination of the localization length ξ that characterizes the decay (Ψ(r) ∼ exp(|r − r CM |/ξ)) of these hybrid modes must thus be realized by giving a larger weight to the atoms contributing most to the mode. This is achieved using the L 1 minimization fitting procedure to compute ξ from the |Ψ(r)| 2 profile, without logarithmic rescaling, considering only the atoms closest to the mode center-of-mass, such that the remaining ones represent less than 10 −4 of the mode norm. The minimization of the L 1 aims to minimize the absolute difference of errors (quantified by the Adapted Coefficient of Determination R 1 ), rather than the usual square error (i.e., the R 2 ), and has been used to overcome outliers issues [34] [35] [36] . Throughout this work, we require for a mode to present a R 1 larger than 0.6 to be considered localized: An inspection of the profiles of various modes suggests that this value is a reasonable choice to distinguish the modes.
Superradiant and subradiant modes present a broad spatial profile whereas localized modes are characterized by the contribution of very few atoms (see Fig. 1(a) and  (b) ). This is confirmed by the analysis of the Inverse Participation Ratio (IPR), defined as
As can be observed in Fig.2 , superradiant modes present an IPR of ∼ 10 −3 (the simulations were realized for N = 5.10 3 , which naturally bounds the IPR to a lower value of 1/N = 1/(5.10
3 )), while for localized modes present it is typically 0.2 − 0.5. Subradiant modes exhibit a much broader variety of IPR, from ∼ 0.4 to 10 −3 , that witness their extended nature. Thus, despite the IPR has been used extensively to study the Anderson localization transition [37] , the coexistence of exponentially localized and extended subradiant modes highlights the importance of monitoring directly the spatial profiles of the modes. and superradiant (dash-dotted) modes for an increasing density and a fixed particle numbers: N = 1500 (thin curves) and 7000 (thick curves).
Distribution of modes and their coupling to the exterior world. - Figure 1 suggests that, even at a density ten times larger than the critical density for localization, a significant number of modes do not present an exponentially decaying profile: the scattering modes present a broad range of energies, the localized modes being concentrated over narrow band. Interestingly, the Ioffe-Regel criterion appears to predict correctly the edge between the localized and subradiant modes, once the Lorentz-Lorenz shift is included [26, 38, 39] :
A more quantitative analysis is presented in Fig. 3 , where the proportion of each kind of modes is shown, for different densities and for a fixed particle number. We first note that the proportion of superradiant modes decreases as for a fixed number of atoms, an increasing density comes along a reduced volume. This is consistent with the fact that in the subwavelength regime, a single superradiant value has a rate that tends to N , all other modes being subradiant. More surprisingly, the remaining long-lived modes are largely dominated by subradiant ones, which typically constitute ∼ 75% of the N modes. Indeed, even for a density ρ = 10ρ c , localized modes represent at most one-fifth of all modes. The localization scenario where the transport properties of the system operate a transition from a conductor to an insulator, is clearly not valid if the localized modes cannot be addressed specifically. Furthermore, working at fixed particle number implies that the system size changes significantly when changing the density. Increasing the particle number from N = 1500 to N = 7000 leads to a slight increase of the proportion of superradiant p-3 modes (as the optical thickness increases), the proportion of subradiant modes decreasing correspondingly, and that of localized modes being almost unaltered. Hence, finitesize effects do not appear to be responsible for the low proportion of localized modes. This clearly questions the notion of the localization transition in that system, especially considering the existing debate on the possible signatures of the transition. For example, no exponential decay of the transmission with the system size, a paradigmatic signature of the localization regime, has been reported up to date in 3D systems. The existence of a large population of other modes (superradiant and subradiant), that could support the transport of light through the sample, may contribute to the lack of clear signatures of transition, despite the statistical eigenvalue analysis that favors long lifetimes modes predicts a transition [17] . Let us comment that a partial localization was found by Stockman et al. in the context of surface plasmons [40] , which was attributed to long-range dipolar interaction.
A refined analysis on the distribution of energy of these modes reveals that localized modes are concentrated over specific ranges of energy, bounded by the mobility edges [27] . As can be observed in Fig.4 , almost all modes are localized in the proper range of negative detuning, whereas in a different range of energy around the resonance, almost all modes are subradiant. Superradiant modes represent always a minority of modes, yet as we shall now see, their relative contribution cannot be neglected.
Localized modes represent a minority of all modes, but its quasi-totality for specific energy ranges. An open question is how an incoming wave will couple to them. This coupling can be evaluated by studying the projection of the pump onto the scattering modes. The solution to Eq. (2) decomposes as:
where α n represents the projection coefficient. Thus, the set of |α n | 2 represents the population of the modes [41] . We here focus on the steady-state regime, for which the α n s are obtained from Eq. (2) as:
In order to understand if it is possible to address the localized modes specifically, we study the mode population defined as
where {Loc} refers to the ensembles of localized modes (P SR and P Sub are defined in a similar way). In order to address specifically the localized modes, the detuning ∆ is tuned over the resonance, in addition to the atomic density. As can be observed in Figure 5(a) , the localized modes are addressed more specifically for a detuning of ∆ ∼ Γ, yet even then, and for densities well above the critical one, at most half of the incoming planewave couples to localized modes. The fact that at least half of the incoming wave projects on superradiant and subradiant modes may explain why a clear signature of the phase transition is difficult to identify in steady-state transmission [9] . Indeed, these modes are unrelated to localization, as they are already present in the dilute regime, well below the critical density [23, 42, 43] .
We also see that subradiant modes are addressed with a larger population for moderate but negative detuning (see Fig.5(b) ), where almost all the plane wave may project on these. At large absolute values of the detuning, when the cloud turns transparent, superradiant modes are addressed predominantly. This is consistent with the picture of atoms illuminated homogeneously, with a phase given by that of the laser, as exemplified by the superradiant timed Dicke state [24, 44] . Note that we have checked that using a Gaussian beam with a waist smaller than the cloud radius (for a ratio as low as one third) does not alter significantly the population of localized modes.
We now turn to the lifetimes (widths) of the eigenmodes. As can be seen in Fig.6 , the localized modes present a wide range of lifetimes, that extends over many orders of magnitude. Nevertheless, as it has been observed in the 2D case [18] , there is no clear correlation between the Fig. 5 : Population in the localized, subradiant and superradiant modes to a plane-wave, as a function of density and detuning. Simulations realized with a particle number N = 500, with an averaging over 100 realizations for each value of detuning and density. The gray area for low densities correspond to a regime of low resonant optical thickness, where superradiance and subradiance are not well formed; this area reduces as the number of particles is increased.
lifetime and localization length of the modes.
The main source of the observed broadening in the modes linewidth can be found in finite-size effects: The proximity to the system boundary results in a leakage of the mode, which appears to be well described by Γ leak = C exp(−r /ξ) [45] , where r = R − |r CM | is the distance of the mode center-of-mass to the boundary, and C ≈ 2.10 −3 . This effect is illustrated in Fig.7 , where a clear correlation between the distance to the system's boundary and the mode lifetime is found, for two very different sets of parameters (corresponding to ξ ∼ 0.4/k and ξ ∼ 0.07/k). In the regime we have explored, the decay rates Γ n appear to be dominated by this effect, and the Heisenberg and Thouless times do not appear to affect these modes [46] . The scaling law for Γ leak was observed for decay rates as small as the numerical precision of our simulations allows (∼ 10 −14 ). This suggests that for most experimentaly accessible parameters, the lifetime of localized modes is determined by their distance to the boundary and that possible size-independent limits on the lifetime of the localized modes only appear at much longer times.
Conclusions & Perspectives.
-Across this work, we have studied the population of modes throughout the Anderson localization phase transition for 3D light scattering. Spatially-extended subradiant and superradiant modes are present over a broad range of energies, and represent the majority of modes. Although between the mobility edges, almost all modes are localized, tuning the pump frequency close to the resonant energy of the localized modes does not allow one to couple more than half of the incoming wave to these localized modes, at least for the systems accessible numerically. Hence, the contribution from other modes to the transport of light cannot be excluded in this regime.
A natural question is whether the transport of light can really be put to a halt thanks to disorder, with the paradigmic exponential decay of diffuse transmission with the system length [7] . On the contrary, so far, only an increase of the transport at higher densities, as compared to the diffusion prediction, has been reported [47] . The absence of analytical tools and the strong limitations of numerical simulations for these systems definitely represent an obstacle to understand the specificity of 3D light scattering. In this regard, the correlation between the lifetime of localized modes and the system size observed in our work is are a good illustration of the importance of finite-size effects, and of the subsequent limitations in simulating small systems. As for the steady-state transport, a dedicated study will be required to understand how to couple specifically to the localized modes, since one has to consider not only p-5 N. A. Moreira1,2 and R. Kaiser2 and R. Bachelard2,3 
